Abstract-We build a heuristic that takes a given option price in the tails with strike K and extends (for calls, all strikes > K, for put all strikes < K) assuming the continuation falls into what we define as "Karamata Constant" over which the strong Pareto law holds. The heuristic produces relative prices for options, with for sole parameter the tail index α under some mild arbitrage constraints.
. The Karamata constant where the slowly moving function is safely replaced by a constant L(S) = l. The constant varies whether we use the price S or its geometric return -but not the asymptotic slope which corresponds to the tail index α.
Abstract-We build a heuristic that takes a given option price in the tails with strike K and extends (for calls, all strikes > K, for put all strikes < K) assuming the continuation falls into what we define as "Karamata Constant" over which the strong Pareto law holds. The heuristic produces relative prices for options, with for sole parameter the tail index α under some mild arbitrage constraints.
Usual restrictions such as finiteness of variance are not required.
The heuristic allows us to scrutinize the volatility surface and test theories of relative tail option mispricing and overpricing usually built on thin tailed models and modification of the Black-Scholes formula.
I. INTRODUCTION
The power law class is tailed distribution is conventionally defined by the property of the survival function, as follows. Let X be a random variable belonging to the class of distributions with a "power law" right tail, that is:
L(x) = 1 for any k > 0, [1] . Black-Scholes Smile Power Law Fig. 2 . We show a straight Black Scholes option price (constant volatility), one with a volatility "smile", i.e. the scale increases in the tails, and power law option prices. Under the simplified case of a power law distribution for the underlying, option prices are linear to strike.
The survival function of X is called to belong to the "regular variation" class RV α . More specifically, a function f : R + → R + is index varying at infinity with index ρ (f ∈ RV ρ ) when
More practically, there is a point where L(x) approaches its limit, l, becoming a constant as in Fig. 1 -we call it the "Karamata constant". Beyond such value the tails for power laws are calibrated using such standard techniques as the Hill estimator. The distribution in that zone is dubbed the strong Pareto law by B. Mandelbrot [2] , [3] .
II. CALL PRICING BEYOND THE "KARAMATA CONSTANT" Now define a European call price C(K) with a strike K and an underlying price S, K, S ∈ (0, +∞), as (S −K) + , with its valuation performed under some probability measure P, thus allowing us to price the option as E P (S − K)
This allows us to immediately prove the following.
A. First approach, S is in the regular variation class
We start with a simplified case, to build the intuition. Let S have a survival function in the regular variation class RV α arXiv:1908.02347v1 [q-fin.PR] 6 Aug 2019 as per 1. For all K > l and α > 1,
We note that the parameter l, when derived from an existing option price, contains all necessary information about the probability distribution below S = l, which under a given α parameter makes it unnecessary to estimate the mean, the "volatility" (that is, scale) and other attributes.
Let us assume that α is exogenously set (derived from fitting distributions, or, simply from experience, in both cases α is supposed to fluctuate minimally [4] ). We note that C(K) is invariant to distribution calibrations and the only parameters needed l which, being constant, disappears in ratios. Now consider as set the market price of an "anchor" tail option in the market is C m with strike K 1 , defined as an option for the strike of which other options are priced in relative value. We can simply generate all further strikes from
1/α and applying Eq. 2.
Result 1: Relative Pricing under Distribution for
The advantage is that all parameters in the distributions are eliminated: all we need is the price of the tail option and the α to build a unique pricing mechanism.
Remark 2: Avoiding confusion about L and α
The tail index α and Karamata constant l should correspond to the assigned distribution for the specific underlying. A tail index α for S in the regular variation class as as per 1 leading to Eq. 2 is different from that for r =
S−S0 S0
∈ RV α . For consistency, each should have its own Zipf plot and other representations.
x −α , the α constant will be the same, but the the various L (.) will be reaching their constant level at a different rate.
2) If r c = log S S0 , it is not in the regular variation class, see theorem.
The reason α stays the same is owing to the scale-free attribute of the tail index. .
We note, however, that in practice, although we may need continuous compounding to build dynamics [5] , our approach assumes such dynamics are contained in the anchor option price selected for the analysis (or l). Furthermore there is no tangible difference, outside the far tail, between log S S0 and S−S0 S0 .
B. Second approach, S has geometric returns in the regular variation class
Let us now apply to real world cases where the returns
are Paretan. Consider, for r > l, S = (1 + r)S 0 , where S 0 is the initial value of the underlying and r ∼ P(l, α) (Pareto I distribution) with survival function
and fit to C m using l =
S0
, which, as before shows that practically all information about the distribution is embedded in l. Let
S−S0 S0
be in the regular variation class. For S ≥ S 0 (1 + l),
We can thus rewrite Eq. 3 to eliminate l:
Result 2: Relative Pricing under Distribution for
Remark 3
Unlike the pricing methods in the Black-Scholes modification class (stochastic and local volatility models, (see the expositions of Dupire, Derman and Gatheral, [6] [7] , [8] , finiteness of variance is not required for our model or option pricing in general, as shown in [5] . The only requirement is α > 1, that is, finite first moment. Fig. 3 . Put Prices in the SP500 using "fix K" as anchor (from Dec 31, 2018 settlement), and generating an option prices using a tail index α that matches the market (blue) ("model), and in red prices for α = 2.75. We can see that market prices tend to 1) fit a power law (matches stochastic volatility with fudged parameters), 2) but with an α that thins the tails. This shows how models claiming overpricing of tails are grossly misspecified.
III. PUT PRICING
We now consider the put strikes (or the corresponding calls in the negative tail, which should be priced via put-call parity arbitrage). Unlike with calls, we can only consider the variations of S−S0 S0 , not the logarithmic returns (nor those of S taken separately).
We construct the negative side with a negative return for the underlying. Let r be the rate of return S = (1 − r)S 0 , and Let r > l > 0 be Pareto distributed in the positive domain, with density f r (r) = α l α r −α−1 . We have by probabilistic Fig. 4 . Same results as in Fig 3 but expressed using implied volatility. We match the price to implied volatility for downside strikes (anchor 90, 85, and 80) using our model vs market, in ratios. We assume α = 2.75.
transformation and rescaling the PDF of the underlying:
where the scaling constant λ =
is set in a way to get f s (S) to integrate to 1. The parameter λ, however, is close to 1, making the correction negligible, in applications where σ √ t ≤ 1 2 (σ being the Black-Scholes equivalent implied volatility and t the time to expiration of the option).
Remarkably, both the parameters l and the scaling λ are eliminated.
Result 3: Put Pricing
IV. ARBITRAGE BOUNDARIES Obviously, there is no arbitrage for strikes higher than the baseline one K 1 in previous equations. For we can verify the Breeden-Litzenberger result [9] , where the density is recovered from the second derivative of the option with respect to the strike However there remains the possibility of arbitrage between strikes K 1 +∆K, K 1 , and K 1 −∆K by violating the following boundary: let BSC(K, σ(K)) be the Black-Scholes value of the call for strike K with volatility σ(K) a function of the strike and t time to expiration. We have
where
. For inequality 8 to be satisfied, we further need an inequality of call spreads, taken to the limit:
Such an arbitrage puts a lower bound on the tail index α. Assuming 0 rates to simplify:
As we can see in Fig. 5 , stochastic volatility models and similar adaptations (say, jump-diffusion or standard Poisson variations) eventually fail "out in the tails" outside the zone for which they were calibrated. There has been poor attempts to extrapolate the option prices using a fudged thin-tailed probability distribution rather than a Paretan one -hence the numerous claims in the finance literature on "overpricing" of tail options combined with some psycholophastering on "dread risk" are unrigorous on that basis. The proposed methods allows us to approach such claims with more realism.
Finaly, note that our approach isn't about absolute mispricing of tail options, but relative to a given strike closer to the money.
